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A Controllable Interaction between Two-Level
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Abstract—Two-level system fluctuators (TLS’s) in the tunnel
barrier of a Josephson junction have recently been demonstrated
to cause novel energy splittings in spectroscopic measurements
of superconducting phase qubits. With their strong coupling to
the Josephson junction and relatively long decoherence times,
TLS’s can be considered as potential qubits and demonstrate
coherent quantum effects. Here, we study the effective interaction
between the TLS qubits that is mediated by a Josephson junction
resonator driven by an external microwave source. This effective
interaction can enable controlled quantum logic gates between
the TLS’s. Our study can be extended to other superconducting
resonators coupling with TLS’s.
Index Terms—Superconducting resonators, Quantum theory,
Superconducting device noise
I. INTRODUCTION
Two-level system fluctuators (TLS’s) are a ubiquitous source
of decoherence for solid-state qubits [1], [2]. In supercon-
ducting qubits [3], TLS’s have been widely studied both
experimentally and theoretically and are often considered as
the source of low-frequency (1/f ) noise [4], [5], [6], [7], [8],
[9], [10]. In recent experiments, energy splittings in spectro-
scopic measurements have been observed in superconducting
qubits, showing coherent coupling between the TLS’s and the
qubits [11], [12]. The TLS’s have demonstrated decoherence
times much longer than that of the superconducting qubits [13]
and hence can themselves be considered as effective qubits for
testing quantum information protocols [11], [12], [14], [15],
[16], [17], [18], [19], [20].
Josephson junctions can be operated as microwave res-
onators [21], [22], [23], [24], [25], [26], [27], [28], [29], [30],
[31]. In a previous work [32], a cavity QED approach [33] to
characterizing the coupling between TLS’s inside a Josephson
junction and the junction resonator was suggested where a
Jaynes-Cummings model was derived and the coupling be-
tween the TLS’s and the resonator can be modulated with an
applied magnetic field. By measuring microwave transmissions
in the junction resonator, various properties of the TLS’s can
be probed including their spatial distribution and the coupling
mechanisms to the junction.
In the following, we study the effective interaction between
the TLS’s that is mediated by the junction resonator. In our
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system, because the junction resonator can have a decay rate
that is much stronger than that of the TLS’s, the effect of
the resonator decay needs to be taken into account. We will
present the effective interaction both for coupling with a
high-Q resonator and for coupling with a strongly damped-
resonator. A microwave source can be applied to the junction
resonator [32] which provides us with a tool to control the
coupling between the TLS’s and the resonator. This paper is
organized as follows. In Sec. II, we present the model and of
the coupling between the TLS’s and the junction resonator . In
Sec. III, we derive the effective interaction between the TLS’s
mediated by the resonator mode. In Sec. IV, we will briefly
discuss the implementation of quantum logic gates between
the TLS qubits and the decoherence effect. We discuss the
readout of the TLS qubits in Sec. V and give the conclusions
in Sec. VI.
II. MODEL
The system is depicted in Fig. 1. A Josephson junction can
be described in terms of the gauge invariance phase Φ and
its conjugate momentum PΦ [34] with a capacitive energy
P 2Φ/2C0 and a potential energy −EJ cos(2eΦ/~), where C0
is the total capacitance and EJ is the Josephson energy. When
combined with the inductance L in an RF SQUID loop, the
Hamiltonian of the resonator can be written as
Hc =
P 2Φ
2C0
− EJ cos(2eΦ/~) + (Φ + Φex)
2
2L
(1)
with external magnetic flux Φex inside the SQUID loop. The
Hamiltonian describes an oscillator mode: Hc ≈ P 2Φ/(2C0)+
C0ω
2
c (Φ− Φs)2/2 with a shift Φs and a frequency
ωc =
√
1
LC0
+
4e2EJ cos(2eΦs/~)
~2C0
(2)
both depending on the magnetic flux Φex.
Different coupling mechanisms between TLS’s and the junc-
tion have been discussed and observed. For example, TLS’s
can couple with the critical current of the junction in the form
−(2e/~)EJΦ
∑
n
~jn · ~σn where ~jn and ~σn are, respectively,
the polarization vector and the vector of the Pauli spin matrices
for the nth TLS. Below we assume ~jn = (jx, 0, 0) for
simplicity. To the lowest order of Φ−Φs and with the notation
Φ−Φs =
√
~/(2C0ωc)(a+ a
†), the total Hamiltonian of the
coupled system is
Ht = ~ωca
†a+Hi + ǫ(t)(a+ a
†) (3)
Hi =
∑
n
~ωn
2
σnz + gn(aσn+ + a
†σn−) (4)
2Fig. 1. Two-level systems (TLS’s) inside a Josephson junction. The dashed
arrows are the magnetic field. The letter ’i’ indicates the insulating layer and
’s’ the superconducting layers.
where a (a†) is the annihilation (creation) operator of the
resonator mode, ωn is the frequency of the nth TLS, and
gn = EJjxn
√
~/(2C0ωc) sin(2eΦs/~) is the coupling con-
stant. The Hamiltonian includes a driving on the resonator
mode with a driving amplitude ǫ(t). Eq. (3) has the form of a
Jaynes-Cummings model that has been widely studied in cav-
ity QED systems. Note that coupling with electrical (dielectric)
field inside the junction can be derived similarly [11], [32].
Dissipative effects can be an important factor when we study
the effective coupling between TLS’s. The decay rate of a
junction resonator is much stronger than that of the TLS’s.
In the following, we treat the resonator decay as a bosonic
bath [35] that couples to the resonator with the Hamiltonian
Hκ =
∑
~ωka
†
kak + ck(a
†
ka + a
†ak), where ak (a†k) is the
annihilation (creation) operator for the bath modes, ωk is the
frequency of the modes, and ck is the coupling constant that
is related to the decay rate κ with: π
∑2
k δ(ω − ωk) = κ. In
the master equation approach, the decay can be described in
the Lindblad forms as
∂ρ
∂t
= −i[Ht, ρ] + κL(a)ρ. (5)
In this work, we are interested in TLS’s that are in the same
frequency range as that of the resonator, i.e. gegahertz, so
thermal fluctuations can be neglected. The Lindblad forms can
hence be expressed as L(o) = 12 (2oLo†−Lo†o−o†oL) for an
operator o. The intrinsic noise bath of the TLS’s is neglected
given their long decoherence times.
III. EFFECTIVE INTERACTION
TLS’s do not interact directly due to their low density inside
the Josephson junction. However, because of their coupling
to the same cavity mode, an effective interaction can be
obtained. In this paper, we study the effective interaction in
two situations: TLS’s coupling with a high-Q resonator with
moderate to high decay rate [36], and TLS’s coupling with
a strongly-damped resonator where the resonator decay is
stronger than the detuning and the coupling between the TLS’s
and the resonator.
High-Q resonator. We consider the dispersive regime [37],
[38], [39] where the resonator is far detuned from the TLS’s
with gn ≪ |∆nc|. Here, ∆nc ≡ ∆n − ∆c is the detuning
between the nth TLS and the resonator mode. The effective
interaction can be derived by applying a unitary transformation
to the Hamiltonian: H˜t = UHtU † where the transformation
is
U = e−ǫ(a−a
†)/∆c
∏
n
e−gn(a
†σn−−σn+a)/∆nc . (6)
The total Hamiltonian then becomes H˜t = Hc + H˜eff + H˜x,
where Hc = ~∆ca†a denotes the Hamiltonian of the resonator,
H˜eff the effective Hamiltonian of the TLS’s, and H˜x the
residual coupling between the TLS’s and the resonator [36].
We derive
H˜eff =
∑
n
[
~∆¯n
2
σnz +
Ωnx
2
σnx
]
+Hint + H˜k (7)
which includes single qubit terms with effective detuning
∆¯n = ∆n + (g
2
n/∆nc)(1 − 2ǫ/∆c) and effective Rabi fre-
quency Ωnx = 2ǫgn/∆nc, an effective interaction Hint =∑
λmn(σn+σm− + σm+σn−)/2 with the coupling constant
λnm =
gngm(∆nc +∆mc)
2∆nc∆mc
, (8)
and an induced coupling to the bath modes of the resonator
H˜κ =
∑
n,k(gnck/∆nc)(σn+ak + a
†
kσn−). The residual cou-
pling has the form
H˜x =
∑
n
g2n
∆nc
σnz
[
a†a+ ǫ
(
∆c − 2∆nc
2∆nc∆c
)
(a+ a†)
]
(9)
with a Stark shift for the resonator and an extra coupling to
the resonator amplitude. The unitary transformation shifts the
amplitude of the resonator to zero (〈a〉 ≈ 0) for finite driving
ǫ, so that the effect of the Stark shift is always small.
Strongly-damped resonator. The decay rate can reach ten’s
of megahertz in lossy resonators and cannot be neglected when
compared with the coupling between TLS’s and the resonator.
We set the driving to be ǫ(t) = 2ǫ0 cosωdt with a frequency ωd
and an amplitude ǫ0. To study the dynamics in the Heisenberg
picture, we start from Eq. (3). With o˙ = i[Ht+Hκ, o] for an
arbitrary operator o, we have
a˙ = −iωca− i
∑
gnσn− − iǫ− i
∑
ckak (10)
a˙k = −icka− iωkak (11)
which gives
ak = ak(0)e
−iωkt − ick
∫
dt′e−iωk(t−t
′)a(t′), (12)
with ak(0) being the noise operator in the Schödinger picture.
Substituting Eq. (12) into Eq. (10), we derive the following
relation for the resonator mode:
a˙ = −i∆ca− i
∑
n
gnσn− − iǫ0 − κa− i
√
κain (13)
where ∆c = ωc − ωd is the detuning of the resonator and
ain = (1/
√
π)
∑
ak(0)e
−iωkt is the input field of the bath
modes. Similar equations can be derived for the TLS’s:
σ˙n− = −i∆nσn− + ignσmza
σ˙n+ = +i∆nσn+ − igna†σmz (14)
σ˙nz = 2igna
†σn− − 2ignσn+a
3where ∆n = ωn−ωd is the detuning of the nth TLS. In the bad
cavity limit with κ ∼ ∆n,c, gn ≫ γn1, γn2, we can eliminate
the resonator mode by setting the right hand side of Eq. (13)
to zero. This gives
a = − iǫ0 + i
∑
n gnσn− + i
√
κain
κ+ i∆c
, (15)
where the resonator adiabatically follows the dynamics of the
TLS’s. The conjugate relation for a† can be derived as well.
Now substituting Eq. (15) into Eq. (14), we can derive a set
of equations that govern the dynamics of the TLS’s: σ˙n−σ˙n+
σ˙nz
 = An
 σn−σn+
σnz
− γ¯1
 00
1
+Bn (16)
where An determines the dynamics of a single TLS, i.e.
determines the parameters in the Bloch Equation for a single
TLS, with
An =
 −i∆¯n − γ¯2 0 iΩn + Λn0 i∆¯⋆n − γ¯2 −iΩ⋆n + Λ†n
2iΩ⋆n − 2Λ†n −2iΩn − 2Λn −γ¯1

and Bn determines the effective interaction with
Bn =
∑
m
 iλnmσnzσm−−iλmnσm+σnz
2iλmnσm+σn− − 2iλnmσn+σm−
 .
The parameters for a single TLS in matrix An are: the effec-
tive detuning ∆¯n = ∆n−∆cg2n/(κ2+∆2c), the effective Rabi
frequency Ωn = −ignǫ0/(κ+i∆c), the induced dephasing rate
γ¯2 = g
2
nκ/(κ
2 + ∆2c), and an induced decay rate γ¯1 = 2γ¯2.
The induced dephasing (decay) is due to the effective bath
Λn =
gn
√
κain
κ+ i∆c
, (17)
in matrix An. For TLS’s to exhibit quantum coherence, the
decoherence rates γ¯1,2 must be weaker than the other time-
scales in the system, as will be discussed below. The effective
coupling constant can be derived from Bn with
λnm =
−igngm
κ+ i∆c
(18)
and satisfies λnm = λ⋆mn. The coupling depends on ∆c in a
similar way as does the Rabi frequency Ωn.
The following effective Hamiltonian can then be derived for
the TLS’s:
H˜eff =
∑ ∆¯n
2
σnz +Ωnσ+ +Ω
⋆
nσ− (19)
+
∑
〈n,m〉
λnmσn+σm− + λ
⋆
nmσm+σn−.
An interesting difference between the coupling in Eq. (8) and
in Eq. (18) is that the effective coupling in Eq. (18) doesn’t
depend on the frequencies of the TLS’s. In Fig.2, we plot the
magnitude of these two couplings for comparison.
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Fig. 2. Couplings versus detuning. Dash-dotted line: coupling in Eq. (8) and
solid line: coupling in Eq. (18). The parameters are ∆n = 2pi × 10MHz,
∆m = 2pi × 32MHz, and κ = 2pi × 5.1MHz.
IV. QUANTUM LOGIC OPERATIONS
The above system can be used to implement universal
quantum operations on the TLS’s. The driving amplitude,
driving frequency, and the resonator frequency ωc (or detuning
∆c) can be independently adjusted. Choosing two linearly-
independent Hamiltonians H1 and H2 from the general expres-
sion of H˜eff , a complete set of operators can be constructed
from the commutators such as [H1, H2], [H1, [H1, H2]],
etc. [40]. This shows that universal quantum gates can be
realized by adjusting the above parameters. Details on how to
realized the gates such as the SWAP gate and the Hadamard
gate can be found elsewhere [36].
The coupling between the TLS’s and the resonator induces
extra decoherence on the TLS’s due to the decay of the
junction resonator. For coupling with a high-Q resonator, a
noise term H˜κ is generated; for coupling with a strongly-
damped resonator, a term Λn is generated. To realize quantum
logic gates, it is necessary that the decoherence rates are much
smaller than the effective Rabi frequency Ωnx and the effective
coupling constant λmn. It can be shown that the decoherence
rate for coupling with a high-Q resonator is τ−1d ∼ g2nκ/∆2nc.
With κ ≪ |∆nc|, hundreds of quantum operations can be
performed within the decoherence time even when the decay
rate of a resonator is a few megahertz, as has been studied in
detail in Ref. [36]. However, the decoherence rate for coupling
with a strongly-damped resonator is τ−1d ∼ g2nκ/(κ2 + ∆2c).
With κ ≥ ∆c, we have τ−1d ∼ Ωnx, λmn, and only a few
operations can be performed at the best.
V. READOUT
The junction resonator can function as a readout device for
the TLS’s. We consider the measurement of the nth TLS in
the dispersive regime. Let the frequency of the resonator be
close to the frequency of this TLS, but have an off-resonance
that satisfies gn ≪ |∆nc|. All the other TLS’s are very far
off-resonance from the resonator, and so have much smaller
Stark shifts. This can be achieved by switching the resonator
frequency and the driving frequency at a nanosecond time-
scale. Because the dynamics of the TLS’s happens at a much
slower rate than this switching rate, the state of the TLS can
be considered unaffected during the switching. A measurement
4of the transmission or reflection in the junction resonator can
be used to reveal the qubit states.
Meanwhile, phase sensitive detection of the stationary state
of the resonator can give direct measurement of the TLS’s
for a strongly-damped resonator, according to Eq. (15). For
example, we have
a+ a† =
−2ǫ0∆c
κ2 +∆2c
−
∑
n gnκσny + gn∆cσnx
κ2 +∆2c
. (20)
When the couplings (gn’s) are different for different TLS’s, the
output of the resonator provides a readout of multiple TLS’s
in a single measurement [21]. In addition, by choosing the
phase of the measured canonical variable of the resonator, we
can choose which TLS operator will be measured. With φ =
arg(−ig1/(κ + i∆c)), we have ae−iφ + a†eiφ ∝ σ1x and a
measurement of σ1x is performed.
This scheme also provides a measurement of the time
dependence of the properties of the TLS’s. It can be shown
that
〈a†(t)a(t)〉 = Trs,r[eiH¯tta†e−iH¯ttaW (0)] (21)
where W (0) is the initial density matrix including the envi-
ronmental degrees of freedom and H¯t is the total Hamiltonian
including the system and the bath. The trace is taken over
the system modes (index s) and the bath modes (index r).
Substituting the expression in Eq. (15) into Eq. (21) and
considering one TLS (n = 1) for simplicity, we derive that
〈a†(t)a(t)〉 = g
2
1C(t) + g1ǫ0M(t) + ǫ
2
0
κ2 +∆2c
(22)
where C(t) = 〈σ1+(t)σ1−(t)〉 and M(t) = 〈σ1+(t)+σ1−(t)〉.
The measured results for the correlation function C(t) can
be used to interpret the parameters in the matrix An to
reveal the properties of the TLS’s via the quantum regression
theorem [35].
VI. CONCLUSIONS
To conclude, we studied the effective coupling between
the TLS’s inside a Josephson junction using quantum optics
approaches. Two situations are studied and compared: TLS’s
coupling with a high-Q resonator mode and TLS’s coupling
with a strongly-damped resonator mode. Our results indicate
that the couplings in these two regime have very different
properties. Universal quantum gates can be realized on the
TLS’s when they are coupled with a high-Q resonator. While
the fast decay of a strongly-damped resonator can destroy the
coherence of the qubits and affect the successful realization of
the quantum gates. We also discussed the readout of the TLS
qubits via the detection of the junction resonator.
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